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1 Correction of the Error in Ref. [5] (d0i:10.1007/s10955-007-9378-x)

The mistake in [5] originates from the splitting in Lh.s of (2.3) of ref. [5] of the pair potential
V (¥, yj) in a purely hard core part U (y;, y;) plus a non hard core part W (y;, y;). This last
potential W (y;, y;) is zero for incompatible pairs and must satisfy the stability condition
(2.6) of ref. [5]. The problem is that the potential W (y;, y;) cannot be negative (i.e. attrac-
tive) in order to satisfy (2.6). Hence conditions (2.3)-(2.6) only allow potentials V (y;, v;)
purely repulsive, which were already treated in [7] and [8]. Moreover, the BEG model ex-
ample in Sect. 4 of ref. [5] involves a long range attractive pair potential not satisfying
conditions (2.3)—(2.6).

This error can be corrected by simply replacing conditions (2.3)—(2.6) of ref. [5] by the
single assumption that V (y;, y;) belongs to the class of stable pair potentials (which is “the
best possible” class) according to the following definition.

The purpose of this note is to correct an error present in article found under
doi:10.1007/s10955-007-9378-x and to give a generalization of the new criterion given in article found
under doi:10.1007/s00220-007-0279-2 for the convergence of cluster expansion.
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780 A. Procacci

Definition 1 A pair interaction V (y;, ;) among polymers is said to be stable if there exists
a function B(y) > 0 such that (hereafter P is the set of abstract polymers)

> Viy)=->_ B(y) forallneNandall (v, ....y,) € P". 1)

I<i<j<n i=1
Then Theorem 1 in ref. [5] continues to hold with the definition of F(y;, y;) replaced by

le”V0) — 1| =1 if V(y;, y;) = 400,

Vi, vl otherwise. @

F(y,,yj))= {

The proof of Theorem 1 has to be modified only in Sect. 3.1 of [5] in order to prove there the
inequality (3.5) when V (y;, y;) satisfies (1) and F'(y;, y;) is defined as in (2). This amounts
to prove the following proposition.

Proposition 1 Let V(y;, y;) be a stable pair potential (in the sense of (1)), then, for any
Sfixed (y1, ..., vn) € P", the following inequality holds:

Z l—[ (e—v(y,-.yj) _ 1)‘ < eLi=1 B(i) Z ]_[ F(vi,v)) 3)

8€Gn {i.j}eEg tely {i.jleEr

where B(y) is the function defined in (1), F (y;, y;) is the function defined in (2), G, denotes
the set of all connected graphs with vertex set {1,2,...,n}, T, denotes the set of all trees
with vertex set {1,2,...,n} and E, and E. denote the edge sets of g € G, and 1 € T,
respectively.

We will give the proof of Proposition 1 in the next section. The rest of the paper [5] is
unchanged apart from the following modification in Sect. 4 (BEG model example).

Replace the portion of the text in Sect. 4 of ref. [5] from the sentence “We now extend the
definition of W(p;, p;)...” to the sentence “This long range pair interaction W(p;, p;) is
stable in the sense of (2.6)” with the following text:

“We now extend the definition of W(p;, p;) to all pairs in P as

- xepi [JeySySy K., if d i Di >2,
W(p,-,p,)={ B sepi Laysusy + K] i (p.pn
+o0 otherwise.

With these definitions it is immediate to see that r.h.s. of (4.10) can be written as

1 _ o .
ZAB)=14) — D ppyeeepp e Tz P

n2l " (py,...py)EPR

which is the partition function of a polymer gas of the type (2.2) in which the polymers are
elements of the set PP defined by

P={p=(p.s,): p CZ* connected and finite, 5, function from p to {—1, +1}}

with activity given in (4.11) and with incompatibility relation p % p < d(p, p) < 2. The
long range pair interaction W(p;, p;) is stable in the sense of (1)”.
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2 Proof of Proposition 1

In this section we are using the same notations of Sect. 3 in ref. [5]. In particular, when
V(y;, vj) = +0o we write y; % y; and say that y; and y; are incompatible; otherwise, when
V (¥, vj) € R, we say that y; and y; are compatible and write y; ~ ;.

Let us define, for H > 0

“

_[H ify; =y,
Vu(yi, v) = { V(yi,y;) otherwise.

By the stability condition (1), for any fixed n € N and (yy, ..., ¥,) € P", there is Hy (which
depends on n and (yy, ..., ¥,) € P") such that, for all H > Hp and forall X C {1,2,...,n},

> Vay) ==Y B

{i.j}cx ieX

Now, for any fixed (y1, ..., y») € P"

Z 1_[ (efv(l’bl’j) _ 1)‘ :F}Lmoo

8€Gy {i.j}eE,

Z 1_[ (e*VH(J/[,J/j) -l

8€Gy {i,j}€E,

We now use (3.1) of ref. [5] for the finite potential Vi in the r.h.s. of the equation above and
get

=Vivj) _ : T
‘Z [] "o 1)‘5}11311002%(%...,%,) )
8€Gp {i,j}€E, ey
where
wpiv) = [T Ve, Vj)'/duz(tn)e’zls"q's"‘”“"'”WHW'*Vﬂ.
{i.j}eEr
Here we wrote ShOI'ﬂy tn({la ]}) =h ({17 ]}) cee tn—l({ia ]}) and d/'Lr (tn) = d/'Lr (tn—ls Xn—1)~
Letnow EX ={{i, j} C E. : y; 7 y;)}. Then

wy v = [ VeGa )l

{i.j)eE-\EF

< T Watiwl / e (ty)e™ Zsizron IV i)

ti.j)eEH
Now, for € > 0, we can write
Vu i, V) = Ua—eyu Wi, vi) + Veu Vi, v))
where

(I1—e)H ify ~yj,

cH if Yi* Vi,
Ua-on o vi) = = 0 otherwise .

Veu(vi, vj) = { V(yi,y;) otherwise.
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The potential V,y(y;,y;), for H larger than e~ Hy, is stable, i.e. it satisfies for all X C

{1,...,n},
Y Veuov) ==Y B

{i.jlcX ieX

and hence (interpolating parameters preserve stability, see e.g. [1, 6]) we also have that

Y 6li iDVen i v) = = Y BO).

I<i<j<n i=1

The potential U x5 (¥;, v;) is non negative, so we have, for n > 0,

> i iDUa-ou v v))

I<i<j<n

> Y Ui iDUaon(,v))
{i.jJcEH

= > Ui jha-oH+n Y Wi jbh-n D> (i)
{i,j)cCEH {i,j)ICE\EH {i,/JCE\EH

> Y L hUd—aH+ Y (i jhn— EN\E ).
(i, j))cEH {i.jICE-\EH

Therefore we get

Y (i iDUaontiv) = Y i, jHV§ — ENEL In

I<i<j<n l<i<j<n

where V7 is the positive pair potential (H, 1, ¢ dependent) given by

(1—e)H if{i,j}eEX,
Vi =1n if {i, j} € E/\EY,
0 otherwise.
Hence we obtain that w}, (1, ..., y») can be bounded by

: Y 1 7E\EL
Wy Vs Vn) < et Xint B HnlEAES 1_[ Vv, Vj)|] X |:—]
n

{i.j}eE-\EH

H
| TER . -
—¢ {i.j}eEx

Applying now the tree graph identity (3.1) of ref. [5] to the pair potential V;% one concludes
immediately (see e.g. [1]) that, for all H € [0, +-00) '

[T v [ dute s

{i.j}€Ex

— 1_[ }e*‘/i; _ 1| =l — 1|\Er\Ef| l_[ |e*U(1—5)H(Vi»V,‘) —1].

{i,j}eE: {i,jleEH
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Hence, using also that Ug_ou(vi, v;)) < Vv, v;) if {i, j} € Ef, we get, for any H >
SilH(),

. - I R (" —1)
wy W1y Va) < et xizi B0 ]_[ [:]k V(y"y’)—1| 1_[ Vi, vl

{i,jleEH {i.j}eE-\EH

So, due to the arbitrariness of n and & which can be taken as small as we please, we obtain,

i + X B =Vivj) _ Y
Jim wh () et E2 P00 T e — 1) [T oyl ©
ti.j)eEf! li.J1eE\EY

Finally, plugging (6) in (5) we get inequality (3).

3 Addendum: A Generalizations of Theorem 1 in [2] (doi:10.1007/s00220-007-0279-2)

In [2] Fernandez and Procacci improved the Kotecky-Preiss criterion [3] for the convergence
of cluster expansion of the abstract polymer gas by using the Penrose identity [4]. The new
criterion (Theorem 1 in [2]), as well as the old Kotecky-Preiss criterion, hold only for purely
hard core self repulsive pair potentials V (y;, y;), i.e. such that V(y;, y;) takes values in
{0, +o00} and V (y, y) = 4oo for all y € P. In [5], taking into account the corrections given
in Sects. 1 and 2 of this note, the Kotecky-Preiss criterion has been generalized for polymers
interacting through a stable pair potential (in the sense of (1)). In this section we generalize
the new criterion given in [2] for abstract polymers interacting through an “ultra-stable” pair
potential according to the following definition.

Definition 2 A pair potential V (y;, ;) among polymers is said to be ultra-stable if there
exists B(y) > 0 such that, for all y € P, for all n € N and for all compatible (y,, ..., y,) €
P (ie.y; ~y;forall {i, j} C{1,...,n}), it holds

D Vv = —BW»). )

Jj=1

Ultra-stable potentials are not new in the literature. In particular, they were considered in
the original Penrose’s paper [4]. We remark that an ultra-stable potential is stable and it can
be attractive. In particular, the potential W (p;, p;) given in Sect. 4 of [5] is ultra-stable.

The generalization of the Fernadez-Procacci criterion for abstract polymer models inter-
acting via an ultra-stable pair potential is possible because the bound (3) can be improved
when V (y;, y;) is ultra-stable. The main tool to obtain this improvement is the Penrose
identity [4], based on rooted trees. So, in the next few lines we recall some definitions and
notations about rooted trees.

A rooted tree is a tree in which one vertex is distinguished from the other vertices and is
called the root. Given any vertex v of a rooted tree, the level of v is the number of edges
along the unique path connecting v to the root, the children of v are all those vertices that
are adjacent to v and are one level farther away from the root than v. If w is a child of v, then
v is called the parent of w. Two vertices which are children of the same parent are called
siblings.

From now on, trees T € T, (set of all trees with vertex set {1, 2, ..., n}) are thought of as
rooted, the common root being the vertex 1. We also put shortly I,, = {1, 2, ..., n}. For fixed
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784 A. Procacci

teT,and i €1,, s; denotes the number of children of the vertex i and i', ..., % are the
vertices which are children of i in . We recall that E; denotes the edge set of 7. We also
denote by E? the set of all pairs {i, j} C I, which are siblings in 7.

Proposition 2 Let V (y;, y;) be an ultra-stable pair potential among polymers, then, for any
fixed (y1, ..., vn) € P", the following inequality holds:

Z l_[ —V(V,'J/j) _ 1)‘ < 62?21 B(yi) Z l_[ |e—\V(Vi»Vj)| —1] l_[ ]ly,-~yj- ®)

g€Gy {i,j}€E, €Ty {i,jl€Er {i.j}eE;

Remark The improvement obtained in (8) with respect to the bound given by (3) is twofold.
First, the factors |e™!V®:7)l — 1| in the r.h.s. of (8) are always smaller than the factors
F(y;, y;) in the r.h.s. of (3). Second, the term ]_[(iyj)EE; 1y,~y; present in the r.h.s. of (8) is
non-vanishing only for those trees t such that any sibling pair {i, j} in T is compatible (i.e.
i ~ ;). Note also that, by the definitions and notations given above on rooted trees, we can

rewrite
1_[ ]lw~yj = 1_[[ l_[ ]ll’ij”Vl-k:|' C))

{i,j}eE* i=1t1<j<k<s;

Le. the term [ [; ;s 1y;~y; is non-vanishing only for those trees 7 such that, for any vertex
i of 7, the polymers y;1, ..., ¥s associated to the children of i are pairwise compatible.

Proposition 2, whose proof is postponed at the end of this section, immediately implies
the following generalization of Theorem 1 in [2] to abstract polymer systems interacting
through an ultra-stable potential.

Theorem 1 Let P a polymer space with polymers interacting via an ultra-stable pair poten-
tial V(y,y’) satisfying (7). Let i : P — [0, 00) : y > u,, be a non negative valued function
and let, for each y € P, p, € [0, 00) such that

My

pyeB(y) < — VyeP (10)

14

where B(y) is the function defined in (7) and

1
By(w) =1+ = S (e tjuy) - (le VO =) T Ly,

n>1 " (Y1.eyn)EP I<i<j<n
1D

Then the series T1,,(p) [defined in (2.10) of ref. [S]] converges and satisfies p,, I1,,(p) <
My().

Indeed, if V (y;, y;) is ultra stable, by (8) and (9) the series I1,, (o) is bounded above by
I, (p) < eI, (5)
where l:I),0 (p) is the series (notations here are the same as Sect. 3.1 of ref. [5])

nyo(p)_1+z > T e ‘V<wﬂ‘—1|]—[[ I 1yij~yik]ﬁyl...5yn.

n= l : reTd W1 yn)EP" (i, jI€EL 1<j<k<s;
12)
with o, = p,ef®).
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So, following the reasoning of Sect. 3.2 in ref. [5] or Sect. 4.2 in [2], condition (10)
implies that the series (12) converges.

Proof of Proposition 2 We follow closely [4]. For i € I, and t € T, let d, (i) be the level
of the vertex i in T and let i, is the parent of i in 7. Let p be the map that to each tree
T € T, associates the graph p(t) € G, formed by adding to 7 all edges {i, j} such that
either d. (i) = d.(j), or d.(j) =d.(i) — 1 and j > i.. Then the Penrose identity (formula
(6) in [4], see also formula (4.2) in [7] or formula (4.4) in [2]) states that

Z ]‘[ (e7V0irp _ Ze—zm‘)eE,,(f,\Ef Vi.y)) 1—[ (eV0ir — 1)

8€Gy {i,jl€E, tely {i,j}€Er

which immediately yields the bound

> 11 (e’V‘Vi’V-f)_l)‘SZe’2<f~f>65pm\ErV(y"‘y") [l —1]. a3)

8€Gp {i,jl€Eg €Ty {i,jleEr

Observe now that if, for 7 € 7,,, we let EZ = {{i, j} € E; : V(y;, ;) < 0}, then we can write

— . . — _V iy _ . .
l_[ }e Vvi.vj) _ 1| —e Z(,” i-vj) 1_[ |€ IVQiyidl _ 1} (14)
li.jleEr {i.j}eEx
n =2 jij)eE o \Er Vi V))
Moreover, for any fixed (yy, ..., y,) € P", the factor e p(®) is zero whenever
E )\ E contains a pair {i, j} which is incompatible, i.e. such that y; # y;. So
e—Z(i.i)eEI,(,)\E, Vo) _ o i 1By \Ex Vi) 1—[ Ly (15)

{i.J}€Epr)\Ex
Therefore, in view of (14) and (15), we can rewrite the r.h.s. of (13) as

=3, = Vivj) V(v
rh.sof (13) = Z e THIElEp)\Er1VET J l_[ ‘e Virpl 1‘ l_[ Ly

tely {i.j}eEr {i.j}€Epm)\Ex
(16)
Now, following Penrose, for v € T, fixed, we associate to each i € I, a set of vertices S7
formed by all those vertices of T connected to i by an edge in [E )\ E-]U E_ and satisfying:

1. either d, (j) =d, (i) + 1
2. ord.(j)=d.;(i)and j >i.

Then we define
Wai: SH=Y Vi)
jesf

so that,

> Vv =Y W3 S). (17)

{i,YelE po)\Er UET i=1

Therefore, plugging (17) into (16) the r.h.s. of (13) is rewritten as

rhsof (13)=Y e Z=m VSO TT T eV —1] [ 1y~ (8)

tely {i,jler {i,j}eE: (i, JY€Ep(r)\Ex

@ Springer



786 A. Procacci

It is now crucial to observe that when the term e~ 2i=1 WS js different from zero then,

for any i € I,,, all elements in S} are pairwise compatible. As a matter of fact, if a pair

{j, k} C S7 then, either d. (j) = d. (k) which implies {j, k} € E,)\Er, ord.(j) =d (k) —1

with j > k. which implies {j, k} € E )\ E; when j > k. and {j, k} € EZ when j =k.
So, since V (y;, y;) is assumed to be ultra-stable, we can use (7) to obtain the bound

W(i; S7) = Z V(. vj))=—B(y;) foralliel,
jesy

and hence in the r.h.s. of (18) we have the bound

e it W) < ot 201 B | (19)

Finally, by the definition of the map p, we have that all siblings pairs of 7 are in E )\ E;,

ie. E: C Ep(-[)\E,;. So
M t= T 2 )
{i. JYEE po)\Ex {i.j)eE}

Plugging now (19) and (20) into (18) we get the inequality (8). a
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